With demonstrated applications ranging from metrology to telecommunications, soliton microresonator frequency combs have emerged over the past decade as a remarkable new technology. However, standard implementations only allow for the generation of combs whose repetition rate is tied close to the fundamental resonator free-spectral range (FSR), offering little or no dynamic control over the comb line spacing. Here we propose and experimentally demonstrate harmonic and rational harmonic driving as novel techniques that allow for the robust generation of soliton frequency combs with discretely adjustable frequency spacing. By driving an integrated Kerr microresonator with a periodic train of picosecond pulses whose repetition rate is set close to an integer harmonic of the 3.23 GHz cavity FSR, we deterministically generate soliton frequency combs with frequency spacings discretely adjustable between 3.23 GHz and 19.38 GHz. More remarkably, we also demonstrate that driving the resonator at rational fractions of the FSR allows for the generation of combs whose frequency spacing corresponds to an integer harmonic of the pump repetition rate. By measuring the combs' radio-frequency spectrum, we confirm operation in the low-noise soliton regime with no supermode noise. The novel techniques demonstrated in our work provide new degrees of freedom for the design of synchronously pumped soliton frequency combs. arXiv:2003.05557v1 [physics.optics] 11 Mar 2020 * s.murdoch@auckland.ac.nz [1] P. DelHaye, A. Schliesser, O. Arcizet, T. Wilken, R. Holzwarth, and T. J. Kippenberg, "Optical frequency comb generation from a monolithic microresonator," Nature 450, 1214-1217 (2007).
INTRODUCTION
Ever since their first demonstration [1], microresonator optical frequency combs ("microcombs") [2] [3] [4] [5] have attracted significant interest due to their wide range of potential applications in fields as diverse as metrology [6] [7] [8] , optical frequency synthesis [9] , imaging [10] , distance measurements [11, 12] , and telecommunications [13] . Key to unleashing their potential has been the discovery that microresonators can support stable localized dissipative structures referred to as temporal cavity solitons (CS), or alternatively dissipative Kerr solitons [14] . These structures -first observed in macroscopic fibre ring resonators [15] -correspond to pulses of light that can circulate around the resonator without changes in their shape or energy [16, 17] ; in the spectral domain, they manifest themselves as coherent optical frequency combs [18] [19] [20] [21] [22] .
Soliton microcombs are conventionally generated by driving a high-Q Kerr microresonator with a continuous wave (CW) laser [14, [19] [20] [21] [22] . Whilst appealing in its simplicity, this scheme suffers from several shortcomings. First, unless complicated control procedures are employed [23, 24] , the number and relative positions of the excited solitons is essentially random. Second, the pump-to-comb power conversion efficiency is typically low, as only a small fraction of the pump field overlaps with the soliton (and hence transfers energy to the comb) [25] . Third, excepting the formation of "soliton crystals" that hinge on difficult-to-control mode interactions [26, 27] , the comb repetition rate is restricted to a narrow range about the cavity free-spectral range (FSR), and can be challenging to lock to an external radio-frequency (RF) signal.
In a pioneering recent work, Obrzud et al. demonstrated that some of the limitations of CW-driven systems can be overcome by driving the resonator with a train of pulses synchronized to the round trip time of the cavity [28] . In this configuration, the soliton can be robustly "trapped" at a specific position within the intracavity pump pulse [29] , thus locking the comb repetition rate to that of the driving pulse train whilst concomitantly suppressing its timing jitter [30] . Although the initial experiments [28] used a pulse train whose repetition rate was matched to the fundamental cavity free-spectral range (FSR), more recent studies have extended the concept into the regime of sub-harmonic pumping, where the pump repetition rate is set close to one half of the cavity FSR [31, 32] . Yet, both of these schemes (synchronous and sub-harmonic) still share one of the limitations of CW-driven systems: they can only deliver microcombs whose repetition rate is close to the fundamental cavity FSR.
In this Article, we propose and experimentally demonstrate novel pulsed driving techniques that allow for the deterministic generation of soliton frequency combs with discretely controllable repetition rate. In particular, leveraging knowledge from the field of actively modelocked lasers [33] [34] [35] [36] , we show that driving a microresonator close to integer multiples or rational fractions of the cavity FSR enables microcombs whose repetition rate is close to an integer harmonic of the FSR. Our experiments are performed in a novel integrated silica waveguide resonator platform with an FSR of 3.23 GHz, and we generate low-noise soliton microcombs whose repetition rates range from the fundamental FSR (3.23 GHz) to its sixth harmonic (19.38 GHz) . Significantly, by leveraging rational harmonic driving, we are also able to generate a microcomb at the second harmonic of the cavity FSR (6.46 GHz) despite using a driving pulse train at 2.15 GHz ≈ 2/3 FSR. The new pump configurations demonstrated in our work expand the number of degrees of freedom available to microresonator designers, and could find useful application in areas that would benefit from adjustable comb spacings, such as reconfigurable optical communications networks. CONCEPT We consider a Kerr nonlinear microresonator driven with a train of pulses whose temporal duration is much shorter than the cavity round trip time (but much larger than the temporal width of the solitons). The repetition rate f in of the input driving pulse train is set close to a rational fraction of the cavity FSR, i.e.,
where m and n are integers with no common factors.
In steady-state, the intracavity field is comprised of m equally spaced pulses, each of which is repumped by the driving pulse train once every n round trips [see Fig. 1 ]. Each of the intracavity pulses can independently support a single soliton that is temporally locked at a set position along the pulse envelope [28, 29] ; if the pump pulses are identical and the repetition rate f in appropriately chosen (as elaborated below), each of the soliton trapping positions will be the same relative to its background pulse. In this case, the intracavity field will be composed of m equally spaced solitons, yielding an output frequency comb with a repetition rate f out that is exactly equal to the n th harmonic of the input pulse train, i.e., f out = nf in , and approximately equal to the m th harmonic of the cavity FSR. We must emphasize that an exact match between the repetition rate f in and an integer faction of the cavity FSR is not required [28, 29] : robust trapping of CSs to the pump pulses can be achieved over a non-zero range of desynchronizations f in − (m/n)FSR. This trapping underpins the fact that the comb repetition rate will be exactly an integer harmonic of the pump repetition rate, and only approximately equal to an integer harmonic of the FSR. Figure 1 provides a visual illustration of harmonic and rational harmonic driving for selected ratios of m and n. The red arrows indicate the input pump pulses, whilst the blue, green, and orange arrows correspond to excited solitons. Figure 1(a) shows the conventional synchronous pumping scenario [28] , in which the periodicity of the pump pulse train is set close to the cavity round trip time (such that f in ≈ FSR). Here, one cavity soliton circulates inside the resonator and is repumped by Fig. 1(c) , we have f in = (3/2)FSR, yielding three equally spaced solitons which are repumped only every second round trip; in Fig. 1(d) , we have f in = (2/3)FSR, yielding two equally spaced solitons which are repumped every third round trip. In these last two cases [Figs. 1(c) and (d)], the repetition rate of the input pulse train is threehalves and two-thirds of an FSR, yet yield output combs with a repetition rate close to three and two times the FSR, respectively. This illustrates the ability of rational harmonic driving to generate combs with multiple FSR frequency spacings, whilst driving at sub-FSR pump frequencies.
Before proceeding to our experimental demonstrations, we comment on two salient technical details. First, when n > 1, the solitons circulating in the cavity are not repumped every round trip, which leads to a reduction in the system's effective driving power [17] 
where P , γ, and θ correspond to the peak power of the input pump pulse, the Kerr nonlinearity coefficient, and the input coupling coefficient, respectively. (Solitons can exist only for X 2 [37] , and their attainable spectral width scales as √ X [17] .) Under conditions of rational harmonic driving, the parameters L and α correspond, respectively, to the total length propagated and half of the total losses experienced by the intracavity field over one full cycle of repumping, i.e., n round trips. It should be clear that L = nL 0 and α = nα 0 , where L 0 and α 0 are the corresponding (circumference) length and losses over one round trip, respectively, thus implying that the effective driving power X ∝ n −2 . Accordingly, for a given resonator system (with fixed γ, L 0 , α 0 , and θ), the use of rational harmonic driving requires the pump peak power to be increased as P ∝ n 2 so as to maintain constant effective driving power X (and hence potential comb bandwidth). Second, key to the harmonic and rational harmonic schemes is that all of the intracavity solitons are trapped at the same position with respect to their background pulse. Theories predict [29] , however, that under conditions of perfect synchronisation [with respect to (m/n) FSR], each pump pulse actually possesses two stable trapping points (located on the pulse's leading and trailing edge respectively). Fortunately, this degeneracy can be lifted via appropriate desynchronization of the pump pulse train, forcing the system to favour only one of these two trapping points [38] .
EXPERIMENTAL SETUP
For experimental demonstration, we use an integrated waveguide ring resonator (WRR) formed from a buried Ge-doped low-loss silica-on-silicon waveguide [see Fig. 2(a) ]. Whilst such WRRs have been used in the past for gyroscope applications [39] , they have not (to the best of our knowledge) been applied for microcomb generation. The resonator is designed to support a single spatial mode around 1550 nm, and it has a diameter of 2 cm which corresponds to an FSR of 3.23 GHz. The Q-factor of the resonator is measured using the cavity ring-down method and found to be 2 × 10 7 at 1550 nm. Light is coupled to and from the resonator via an onchip bus waveguide, which is itself coupled to standard single-mode optical fibers at each end of the bus. This provides for a very robust alignment-free resonator platform. More details on the fabrication of this device can be found in [40, 41] . Figure 2 (b) shows our full experimental setup. We use an electro-optic (EO) frequency comb generator to create a picosecond pulsed laser source suitable for driving the WRR [28, 32] . Specifically, laser light from a narrow linewidth distributed-feedback fiber laser at 1550 nm is passed through one amplitude and two phase modulators driven by an RF signal generator. The resulting EO comb is then passed through 2.7 km of dispersion compensating fiber to provide a stage of linear compression, followed by a nonlinear soliton compression stage consisting of an Erbium doped fiber amplifier (EDFA) and 1 km of single-mode fiber. The nonlinearly compressed pulse train is passed through a nonlinear amplified loop mirror to remove any unwanted pedestal from the pulse train [42] , then reamplified by a second EDFA to further increase the peak power. Frequency resolved optical gating is used to characterize the resulting pulses, which are found to have a full-width at half-maximum of 1.8 ps and a maximum peak power of 10 W. To provide easy access to the soliton state, an auxiliary CW laser at 1530 nm is used to provide thermal compensation [43] . This auxiliary beam is launched into the WRR in the opposite direction to the pump, and it circulates in an orthogonally polarized resonator mode.
RESULTS
In order to first verify that our system can deterministically generate single soliton frequency combs, we set the pump's average power to 26 mW (corresponding to a peak power of about 4 W) and repetition rate close to the fundamental cavity FSR (3.23 GHz). Figure 3 put (and after a band-pass filter that excludes the pump) when the pump carrier frequency is scanned over a single resonance. We observe the usual signatures of stable CS formation: a region of modulation instability (MI) is followed by the formation of unstable (breathing) CSs and then a low-noise step indicating the presence of stable CSs. (Note that, throughout our experiments, the precise pump repetition rate is chosen so as to maximise the length of the soliton step, which also ensures that one of the intensity trapping positions is highly favoured due to the presence of stimulated Raman scattering [38] .) Thanks to the auxiliary CW laser, the soliton step can be accessed in steady-state simply by manually advancing the cavity detuning. The output comb spectrum in this regime displays the sech 2 shape expected for a single soliton [see Fig. 3(b) ]. The small bump evident around 1550 nm is the remnant of the pump spectrum, whilst the sharp peak at 1530 nm comes from the backscattered component of the counterpropagating auxillary beam. To further confirm operation in the soliton regime, we used an electrical spectrum analyzer (ESA) to measure the fundamental RF beat note of the comb, observing a clear reduction in the RF noise upon entering the step region [see Fig. 3(c) ]. We must highlight that the resonator's FSR is sufficiently small such that fundamental RF beat signal can be readily resolved on a fast photodetector, allowing us to verify that the spacing of the soliton comb matches exactly with that of the electronic driving signal (to within the ±10 Hz accuracy of the ESA).
To demonstrate harmonic driving, we set the pump repetition rate close to an integer multiple of the cavity FSR, and increase the average power so as to maintain peak power suitable for comb generation. For each of the repetition rates tested (up to six times the cavity FSR), we have identified and been able to manually tune into the low-noise soliton regime exactly as described above for the case of synchronous driving. Figures 4(a) -(c)
show illustrative examples of soliton comb spectra when the driving repetition rate was set to 2, 4, and 6 times the cavity FSR, respectively. Also shown are zoomed-in sections over a 0.5 nm spectral range to illustrate how the comb spacings adopt the pump repetition rates of 6.46 GHz, 12.92 GHz, and 19.38 GHz. For each case, we have also measured the RF spectrum of the output soliton comb [see Figs. 4(d)-(f)], and only observe signals at integer multiples of the driving repetition rate. These measurements confirm that, thanks to the passive nature of the system, harmonic driving of soliton microresonator frequency combs is not associated with supermode noise that is often present in harmonically mode-locked lasers [44] .
To demonstrate rational harmonic driving, we set the pump repetition rate close to a rational fraction of the cavity FSR. As for synchronous and harmonic driving discussed above, we have observed the characteristic soli- ton step signature that can be manually accessed for all the rational fractions that we have tested. Figures 5(a) 2 FSR) , respectively. Note that the RF spectrum of the output comb is measured through a band-pass filter that excludes the pump, explaining why harmonics of the pump repetition rate that are not multiples of the cavity FSR do not appear in that spectrum. Finally, the results shown in Fig. 5 (c,f) remarkably demonstrate that driving the resonator with a repetition rate below the cavity FSR (here at 2.15 GHz ≈ 2/3 FSR) can allow for the generation of a soliton comb with a frequency spacing that is larger than the cavity FSR (here at 6.46 GHz ≈ 2 FSR) underlining the flexibility offered by rational harmonic driving. Before closing, we note that both of the driving schemes demonstrated in our work are fully deterministic and highly repeatable. In particular, our experiments show that the target comb state is reached every time when manually tuning into the soliton state. This observation highlights the reliability of harmonic and rational harmonic driving in providing combs with desired line spacing.
CONCLUSION AND DISCUSSION
We have proposed and experimentally demonstrated harmonic and rational harmonic driving as flexible schemes to generate low-noise soliton microcombs with comb spacings that are close to integer multiples of the cavity FSR (and exactly locked to an external RF signal). Experimentally, using a single integrated silica waveguide ring resonator, we have demonstrated output combs with discretely adjustable frequency spacings between 3.23 GHz and 19.38 GHz. Moreover, we have shown that rational harmonic driving allows for the generation of output combs with multi-FSR frequency spacings whilst driving at sub-FSR frequencies. Measurements of the combs' RF spectrum confirm operation in the low-noise soliton regime with no supermode noise.
We believe that the new driving schemes demonstrated in our work could find useful application in areas, such as reconfigurable optical communication networks, where the ability to dynamically adjust the comb spacing of a transmitter or a receiver could prove beneficial. In addition, our results further underscore the fact that pulsed driving can enable soliton microcombs in resonator platforms that have not previously been considered suitable for that purpose, but that may nevertheless offer benefits in terms of ease-of-fabrication, absolute linewidth, or operational flexibility. As a forward-looking example, combining the novel driving schemes demonstrated in our work with high-finesse macroscopic optical fiber ring resonators could allow for the realization of novel sources of ultrashort pulses with GHz repetition rates discretely tunable in MHz steps.
